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a b s t r a c t
Poiseuille number of rarefied gas flow in channels with designed roughness is studied
and a multiplicative decomposition of Poiseuille number on the effects of rarefaction and
roughness is proposed. The numerical methodology is based on the mesoscopic lattice
Boltzmann method. In order to eliminate the effect of compressibility, the incompressible
lattice Boltzmann model is used and the periodic boundary is imposed on the inlet
and outlet of the channel. The combined bounced condition is applied to simulate the
velocity slip on the wall boundary. Numerical results reveal the two opposite effects
that velocity gradient and friction factor near the wall increase as roughness effect
increases; meanwhile, the increments of the rarefaction effect and velocity slip lead to
a corresponding decrement of friction factor. An empirical relation of Poiseuille number
which contains the two opposite effects and has a better physical meaning is proposed in
the form of multiplicative decomposition, and then is validated by available experimental
and numerical results.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Nowadays lattice Boltzmann method provides a new effective way to study rarefied gas (also micro-gas) flow systems.
A number of lattice Boltzmann literature [1–8] studied that the flow behaviors for rarefied gas deviated from the classical
theory in conventional scales. Rarefaction, compressibility and roughness effects are taken into account for these deviations.
In order to decouple the complicated flow behaviors containing strongly coupling effects of the three factors, this work
concentrates on studying the interaction of rarefaction and roughness without the effect of compressibility.
The rarefaction effect is considered to be the most important factor that leads to the different flow behaviors of rarefied
gas. According to the theory of Rarefied Gas Dynamic (RGD), Knudsen number which describes the rarefaction of gas
molecules is defined as Kn = λ/L, where λ is the gas mean free path and L is the characteristic length of the flow system.
The early lattice Boltzmann works for Knudsen flows (micro-gas and rarefied gas) were taken by Nie et al. [1] and Lim
et al. [2] in 2002. The velocity slip was simulated by lattice Boltzmann methods in their work. Compared with molecular
dynamics, direct simulations of Monte Carlo (DSMC) or other microscopic methods, lattice Boltzmann method gains the
advantages of computational efficiency and flexibility in complex boundary geometries. More and more lattice Boltzmann
studies for Knudsen flows are published. Zhou et al. [9], Toschi and Succi [10], Ansumali et al. [5] and Zhang et al. [11] had
simulated independently the Knudsen paradox phenomenon that the minimum mass flow rate in microchannel occurred
at 0.35 ≤ Kn ≤ 0.5 by lattice Boltzmann models.
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Table 1
Some formulas of Poiseuille number in function of Knudsen number and roughness.
Source Poiseuille number (Po)
Beskok [23] 96/(1+ 6Kn) (smooth)
Harley [24] 96/(1+ 6× (2− σ)/σ × Kn)
Hadjiconstantinou [25] 96/(1+ 6× 1.11× Kn+ 12× 0.31× Kn2)
Mala and Li [26] C0(1+ 7.567r0.3693)
Chen and Cheng [27] C0(1+ r0.445)
Chai [17] C0 + 7.1r + r2
The roughness effect is another important factor for the increment of friction factor in microfluidic systems though it is
often negligible in macroscopic systems when the relative roughness is smaller than 5%. In the recent lattice Boltzmann
studies, Jun et al. [12] examined the diffusion coefficient of Brownian particle in rough microchannel using the lattice
Boltzmann method. Sbragaglia et al. [13] proposed an approach based on the Boltzmann kinetic equation for microchannel
and nanochannel flows. Al-Zoubi and Brenner [14] analyzed the laminar flow of a Newtonian fluid through a two-
dimensional channel with one sinusoidal wall. The influence of the wave length and wave amplitude of the sinusoidal
wall as well as Reynolds number had been studied. Liu and Ni [15,16] studied the fractal roughness effect of micro-
Poiseuille gas flows, in which numerical simulations of nitrogen and helium show that surface roughness influences not
only velocity distribution but also pressure distribution. Chai et al. [17] simulated the surface roughness effect on gas flow
in a microchannel, in which the surface roughness was modeled by an array of rectangular modules and a new combination
boundary condition is proposed. Varnik and Raabe [18,19] studied the effects of roughness height and wave length in
microchannels by means of lattice Boltzmann simulations and found wall roughness as source of fluctuations and thus
flow instability. Kunert et al. [20,21] found that the apparent slip was independent of detailed boundary shape and show
that slip diverges as the amplitude of the roughness increases.
Generally, Poiseuille number for the gas flow increases as the roughness increases due to the increment of the velocity
gradient near the wall. Contrarily, Poiseuille number decreases as Knudsen number increases due to a larger velocity slip
near the wall. A number of relations between the rarefaction and roughness for moderate Knudsen numbers are listed in
Table 1, in which Poiseuille number (Po) is defined as the product of friction factor (f ) and Reynolds number (Re), and C0 is
the Poiseuille number in a smooth channel and r is the relative roughness. However, these relations are not consistent with
each other and get efficiency on given conditions and Knudsen numbers. In addition, the formulations of these relations
cannot reflect intuitively the two opposite effects of rarefaction and roughness. The interaction of the two opposite effects
still needs to be further researched [22].
The aim of this paper is to investigate the effects of rarefaction and roughness, and then to propose a usable relation
based on the numerical data. We expect the relation has a better physical meaning to separate the two opposite effects
and is convenient in engineering application. An incompressible lattice Boltzmann model is applied, in which the periodic
boundary is imposed on the inlet and outlet of the channel to eliminate the compressibility effect. The combined bounced
condition is applied to simulate the velocity slip on the wall boundary. A series lattice Boltzmann numerical simulations
for rarefied gas flows in the slip flow region and the transition region are taken. Drawing on the experience of the polar
decomposition, a multiplicative decomposition of Poiseuille number is proposed, which can reflect intuitively the two
opposite effects of rarefaction and roughness.
2. Lattice Boltzmann method and formulas
2.1. Lattice Boltzmann model for Knudsen gas
It is effective to apply lattice Boltzmann method in the study of micro-flow systems. As a mesoscopic (larger than
microscopic scale and smaller than macroscopic scale) method based on molecule kinematics and statistic mechanics,
the lattice Boltzmann method constructs a particle system to reflect the physical essence of microscopic motion of gas
molecules with satisfying the macroscopic conservation equations of mass, momentum and energy. In this paper, we adopt
the dimensionless lattice BGK equation for simulating rarefied gas flows [28]:
fi(x+ δx, t + δt)− fi(x, t) = −1
τ
[fi(x, t)− f eqi (x, t)] (1)
where fi is the distribution function, f
eq
i is the equilibrium distribution function, δx and δt are the space step and time
step, respectively. The relaxation time τ and the local equilibrium f eqi are the undetermined quantities to launch the lattice
Boltzmann procedure of Eq. (1). It is noticed that the relaxation time τ = τ(x, t) is a local quantity which is a function of
time and space through the local pressure and viscosity. The density ρ and themacroscopic velocity per node u are given by:
ρ =
−
i
fi =
−
i
f eqi , ρu =
−
i
fici =
−
i
f eqi ci. (2)
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Fig. 1. The lattice Boltzmann model of d2q9.
On the other hand, the local equilibrium f eqi can be deduced from themacroscopic conservation equation in a certainmodel.
For the two-dimensional and nine-directions (d2q9) model of Fig. 1, the local equilibrium f eqi can be written as [29]:
f eqi = wiρ
[
1+ 3
c2
(ci · u)+ 92c4 (ci · u)−
3
2c2
u2
]
(3)
where ρ is the density of flow; c is the lattice velocity, c = δx/δt , ci = cei and δx = ceiδt; wi is the weighting coeffi-
cients: w0 = 4/9, w1,2,3,4 = 1/9 and w5,6,7,8 = 1/36. The unit lattice velocity ei is shown in Fig. 1. The lattice velocity
c = √3RT in the d2q9 model, where R is the gas constant and T is the gas temperature. For dimensionless simulation, the
lattice parameters are set be units as δx = 1, δt = 1 and c = 1, and then Eq. (3) is simplified as:
f eqi = wiρ
[
1+ 3(ei · u)+ 92 (ei · u)−
3
2
u2
]
. (4)
The sound speed of the d2q9 model is given by:
cs =
√
3
3
c =
√
3
3
. (5)
The pressure P(x) is given by:
P = c2s ρ =
1
3
ρ. (6)
The relaxation time τ(x, t) > 12 is a mesoscopic parameter and determined by the material properties of the investigated
rarefied gas. In the literature [5,6,30], τ is calculated by:
τ = ν
P
+ 1
2
(7)
where ν is the kinematic viscosity. Suppose the dimensionless pressure at the outlet of the channel is ρout = 1, the kine-
matical viscosity can be written as the function of the relaxation time [21]:
ν = τoutPout = τout ·

1
3
ρout

= 2τout − 1
6
. (8)
It is noted that Knudsen number varies along the channel and the local Knudsen number can be calculated by [2]:
Kn = knout
P(x)
. (9)
The gas mean free path have a relationship with the relaxation time as:
λ = τ · c∗ (10)
where c∗ is a certain microscopic velocity to be determined. It is noted that the choice of c∗ is rather diverse in the present
literature. The lattice velocity c = √3RT is widely applied [2,4,30,31] and the mean thermal velocity of gas molecules
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c¯ =

8RT
π
is also adopted [32,33]. However, Guo et al. [34,35] pointed out that the choice of c∗ should satisfy the ‘‘consistent
requirement’’ as Kn → 0 in the lattice Boltzmann scheme and it should be c∗ =

πRT
2 . Here we follow the choice of Guo
and obtain the Knudsen number as a function of the relaxation time:
Kn = τ
L
c∗ = τ
L

πRT
2
= τ
L

π
6
. (11)
Eqs. (7) and (11) describe the constitutive relation of the investigated gas. On the other hand, the boundary condition is
also an important aspect in the lattice Boltzmann simulation. In the early works, Nie et al. [1] used the conventional bounce
back condition and Lim et al. [2] used the pure specular reflection condition to study the pressure-driven micro-gas flow on
the solid wall. But the non-zero slip velocity derived in their workwas reported to be flawed by numerical artifacts, in which
the observed slip velocity was related with the mesh size and most of the slip velocity vanished if the grid was refined [36].
As a matter of fact, Tang et al. [8] pointed out that for real rarefied gas flow, neither pure bounce back condition nor
pure specular reflection condition can appropriately describe the momentum exchange and friction drag between gas and
wall. Two types of kinetic boundary conditions have been improved to simulate the velocity slip. One is the diffuse Scattering
boundary condition [30,37,38]. The other is the combinedbouncedboundary [3,31,32]. Guo shows the two types are virtually
equivalent and both obtain a second order slip boundary condition. The idea of the combined bounced condition is based
on the mesoscopic methodology of the lattice Boltzmann method. The interactions between the gas molecules and the
wall boundary are integrated into a single parameter, namely the tangential momentum accommodation coefficient. For
example, to match Arkilic’s [39] experimental results, is measured in Tang’s [8] numerical simulations. The bounce rule of
the combined condition in the lattice Boltzmann model of d2q9 which proposed by Succi [3], Sbragaglia and Succi [3,31] is
given on the bottom wall:
f2(x, y, t + δt) = f4(x, y+ δy, t)
f5(x, y, t + δt) = σ f7(x+ δx, y+ δy, t)+ (1− σ)f8(x− δx, y+ δy, t)
f6(x, y, t + δt) = σ f8(x− δx, y+ δy, t)+ (1− σ)f7(x+ δx, y+ δy, t).
(12)
The bounce rule on the left wall is
f1(x, y, t + δt) = f3(x+ δx, y, t)
f5(x, y, t + δt) = σ f7(x+ δx, y+ δy, t)+ (1− σ)f6(x− δx, y− δy, t)
f8(x, y, t + δt) = σ f6(x− δx, y− δy, t)+ (1− σ)f7(x+ δx, y+ δy, t).
(13)
Similar procedures can be applied on the top wall and the right wall, respectively.
Since σ is used to measure the integral characteristics on the wall boundary, it is of great importance to influence the
numerical results. The value of σ ranges from 0 to 1. Specifically, in the boundary condition (12) and (13), the value of σ not
only depends on physical accommodation coefficients of the wall but also is a function of the lattice spacing and Knudsen
number. Noted that the limited case σ = 0 indicates the absolutely frictionless flow on the wall and the limited case
σ = 1 indicates the non-slip condition on the wall. Tang et al. [8] pointed out that σ = 0.7 is the best to match Arkilic’s [39]
experimental results for the smoothwall boundary. For our lattice Boltzmannmodel, it is also obtained [15,16] that σ = 0.7
for the smooth wall boundary and σ = 0.90 ∼ 0.95 for the roughwall boundary comparing with Cao’s [40] numeral results
and Sazhin’s [41] experimental results.With the constitutive relation and the boundary condition determined, the lattice
Boltzmann procedure is able to launch.
2.2. Formulas of Poiseuille number
Poiseuille number is computed in the present numerical simulations with the following definition [42]:
Po = f · Re = −
dP
dxDH
ρ¯u¯2/2
· ρ¯u¯DH
µ
= −
dP
dxD
2
H
µu¯/2
(14)
where DH is the hydrodynamic diameter of the channel. For Poiseuille number with second-order slip boundary condition,
the analytical expression can be written as:
Po = 96
1+ A1Kn+ A2Kn2 (15)
where A1 and A2 are the coefficients to be determined. In a smooth channel, A1 and A2 are first-order and second-order slip
coefficients in the second-order slip velocity and quite a few second-order boundary condition are proposed in published
literature [43]. In a rough channel, A1 and A2 should be modified. Compared with Hadjiconstantinou’s expression [25] and
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Fig. 2. The model channel with designed roughness.
introduced the tangentialmomentumaccommodation coefficientσ into the expression, the second-order Poiseuille number
can be written as:
Po = 96
1+ 6× 2−σ
σ
× Kn+ 3× 2−σ
σ
× Kn2 . (16)
Eq. (16) is available in prediction of the Poiseuille number for the rarefied gas flows. It is noticed that the accommodation
coefficient σ not only depends on the material property of gas–solid interface, but also depends on lattice spacing and
Knudsennumber. Actually, the interactions between gas andwall are integrated into themesoscopic parameterσ in Eq. (16),
namely σ implies not only the rarefaction effect but also the roughness effect. For example, Eq. (16) has a good match with
Hadjiconstantinou’s expression atσ = 0.93 for a rough channel. To analyze the coupling effects of rarefaction and roughness
on the Poiseuille number, a series of lattice Boltzmann simulations are to be taken and an expression in formofmultiplicative
decomposition for the Poiseuille number is to be put forward.
3. Computational model and boundary condition
The designed geometrical model is shown in Fig. 2. In the two-dimensional channel the symmetrical condition is used
on the top boundary. The surface roughness is modeled by rectangular obstacles laying on the bottom boundary of a two-
dimensional channel. With the choice of the unit lattice velocity ei, the mesh size is set to be Ny : Nx = Height : Length.
Moreover, the width w and the interval s = 2w of the rectangular obstacles are fixed in the simulations. The height of the
obstacles is changeable to create different roughness on the wall. The characteristic length of the flow system is set to be
L = Height. The hydrodynamic diameter of the channel in Eq. (14) is calculated by
DH = 2× Height− h. (17)
And the relative roughness of the channel is defined as:
r = h
Height
. (18)
It is known from the equation Kn ∼ √πγ /2×Ma/Re [44] that theMach number is proportional to the Knudsen number
if the Reynolds number is fixed. In order to concentrate on the principal question of the coupling effects of rarefaction
and roughness, the Mach number is set to beMa < 0.2, and the periodic boundary condition is adopted at the inlet and the
outlet of the channel. The density values at the inlet and outlet are set to be ρin = 1.001 and ρout = 1. The lattice parameters
δx = 1, δt = 1 and c = 1. The influence of the mesh size on the simulations is investigated and several combinations of
mesh sizes are tested at 101× 301. Considering the computing time, the fine mesh size of is used in the present work since
its deviation to refined mesh is only 0.4%.
In the present work, the behaviors of the gas flow in the ranges of 0 ≤ r ≤ 0.1 and 0.02 ≤ Kn ≤ 0.8 are investigated,
which corresponds to the rarefied gas flows in the slip flow region and a little high Knudsen number in the transition region.
In general, the Navier–Stokes equations with slip boundary condition are applied in slip flow region (0.01 ≤ Kn ≤ 0.1).
For the transition region 0.1 ≤ Kn ≤ 10, the results of Navier–Stokes equations are suspicious due to the failure of the
continuity hypothesis. There are twomethods for the transition region. One is to construct the high-order lattice Boltzmann
model corresponding to Burnett equation or super-Burnett equation, or even to solve Boltzmann equation directly. The
drawback of this method is more discrete velocities required and high computational cost [45,46]. The other method is to
measure the decrease of the mean free path of gas molecules in the Knudsen layer by modifying the relaxation time [34,47].
However, it is very difficult to calculate the effective relaxation time in the Knudsen layer. For the above difficulties, we still
use the same model in the slip flow region as well as in the range of Kn ≤ 0.8 in the transition region by adjusting the
semi-experiential accommodation coefficient to obtain the mass flow rate.
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Fig. 3. The rarefaction effect on the Poiseuille numbers in a smooth channel.
4. Simulation and results
4.1. Poiseuille number in a smooth channel
Poiseuille number in a smooth channel is firstly calculated, meanwhile, the lattice Boltzmann model for rarefied gas is
validated by comparingwith the existing expressions. It is known that the friction factor decreases under the influence of the
rarefaction. The reason is that the increment of Knudsen number leads to a larger velocity slip on the wall boundary. Fig. 3
shows Poiseuille numbers in a smooth channel (h = 0) at various Knudsen numbers. The Poiseuille numbers are calculated
by Eq. (14) and then compared with Beskok’s expression [23] and Eq. (16) from Kn = 0.02 to Kn = 0.8. It is shown in Fig. 3
that the deviation between the result of the present lattice Boltzmannmodel and the first-order expression of Beskok is fairly
large. The deviation becomes small comparedwith Hadjiconstantinou’s expression and Eq. (16) at σ = 0.93 (corresponding
to a rough channel) and it is in good agreement with at Eq. (16) at σ = 0.7 (corresponding to a smooth channel). This value
of σ = 0.7 [15,16] is consistent with the lattice Boltzmann numerical results of Tang [8] and the experiment of Sazhin [41]
inwhich σ = 0.71 for the smooth surface of clean silver. Therefore, it will be used tomeasure Poiseuille number in a smooth
channel in the following calculation.
4.2. Poiseuille number in a rough channel
Subsequently a series of lattice Boltzmann simulations in rough channels are taken to show the opposite influence on the
friction factor created by the surface roughness. The simulations are taken in the ranges of 0 ≤ r ≤ 0.1 and 0.02 ≤ Kn ≤ 0.8,
which is ranged for rarefied gas flows in the slip flow region and the transition region. The increment of the velocity gradient
near the wall leads to the increment of the friction factor as the relative roughness increases. Fig. 4 shows the change
of Poiseuille number at various Knudsen numbers and relative roughness. Although Poiseuille number for each Knudsen
number increases as the relative roughness increases, the increasing rates are quite different. It is seen from Fig. 4 that
the value of Poiseuille number and its increasing rate are larger at low Knudsen numbers. As Knudsen number increases,
Poiseuille number and its increasing rate become smaller. This interaction reflects the coupling effect of the rarefaction
and roughness. It indicates that Harley’s expression [24] predict Poiseuille number not so well in the channel with larger
roughness.
4.3. The multiplicative decomposition on rarefaction and roughness
As mentioned in Part 1, a number of relations between rarefaction and roughness in microfluidic systems are useable,
which are in form of exponent or sum decomposition. Drawing on the experience of the polar decomposition, that the
polar decomposition gains the advantages of frame invariance or materials frame indifference compared with the sum
decomposition, a relation in form of multiplicative decomposition for Poiseuille number is to be proposed in an attempt to
separate the coupling effects of rarefaction and roughness. The relation should satisfy the following particular performances.
First, the relation is in direct proportion to the roughness and in inverse proportion to Knudsen number. Second, it is
equivalent to Eq. (16) in the extreme case of r = 0. Third, the surface roughness has a significant influence on the friction at
the micro-scale level. For a special case of r = 0.05, the deviation to the Poiseuille number in a smooth channel is 10% [48].
Then a second-order the correlation is supposed to take the following form of multiplicative decomposition:
Po = Po|rarefaction × Po|roughness = C0(1+ C1r + C2r2) (19)
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Fig. 4. The coupling effects of rarefaction and roughness on Poiseuille number.
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Fig. 5. The fitting curve for the Poiseuille number.
where Po|rarefaction = C0 integrated the rarefaction effect is the value of the Poiseuille number at r = 0 (i.e. in a smooth
channel). With the above measurement of σ = 0.7, it is written as:
C0 = 96
1+ 6× 2−0.70.7 × Kn+ 3× 2−0.70.7 × Kn2
. (20)
According to the third requirement above, we fit the data of the lattice Boltzmann simulations in the ranges of 0 ≤ r ≤ 0.1
and 0.02 ≤ Kn ≤ 0.8, and get C1 = 0.8 and C2 = 24. Then the expression of the Poiseuille number can be written as:
C0 = 96
1+ 6× 11.14× Kn+ 3× 5.57× Kn2 × (1+ 0.8r + 24r
2). (21)
Fig. 5 shows the fitting result of Eq. (21), where the Poiseuille number is normalized by C0, namely Po|roughness =
1+ C1r + C2r2 is plotted, which shows the single effect of the surface roughness.
The deviation between the correlation (21) and the numerical result of the lattice Boltzmann simulations is investigated.
Fig. 6 shows the deviation which is measured by Po− Po|rarefaction. It is shown that the correlation Eq. (21) performs well for
the moderate Knudsen numbers (0.1 ≤ Kn ≤ 0.5).
Furthermore, the correlation (21) is validated by available experimental and numerical results. Compared with the
experiment of Mala and Li [26], in which Po = 69.2 at r = 0.07 and Kn = 0.055, the correlation predicts fine and the
difference is only 0.1%. Compared with Cao’s [40] molecular dynamics simulation, in which Po = 47.5 at r = 0.048 and
Kn = 0.1, the correlation predicts well and the difference is 1.9%. Compared with Chai’s [17] lattice Boltzmann simulation,
in which the Poiseuille number Po = C0 + 7.1r + 1.6r2 at Kn = 0.0083 and Po = C0 + 7.1r + r2 at Kn = 0.033, the
deviations to the correlation are 4.3% and 4.2% respectively. From the above comparisons, it is shown that the prediction
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Fig. 6. Comparison of the correlation and the numerical result of lattice Boltzmann simulations.
of the correlation (21) considering the combined effects of rarefaction and roughness generally agrees well with both
experimental results and numerical results.
5. Conclusion
In this paper, we study the friction factor of rarefied gas flow in channels with designed roughness and propose a
multiplicative decomposition of Poiseuille number to separate the effects of rarefaction and roughness. The numerical
methodology is based on themesoscopic lattice Boltzmannmethod. Themesoscopic parameters in the constitutive relation
and the boundary condition (τ and σ ) are investigated respectively. We eliminate the compressibility effect and the effects
of rarefaction and roughness is decoupled. A series of numerical simulations are taken in the ranges of 0 ≤ r ≤ 0.1 and
0.02 ≤ Kn ≤ 0.8, which corresponds to the rarefied gas flows in the slip flow region and a little high Knudsen number
in the transition region. Numerical results show that the roughness effect increases the friction factor and the rarefaction
effect decreases the friction factor near the wall. An empirical relation which has a better physical meaning is proposed in
form of multiplicative decomposition for Poiseuille number. It can reflect intuitively the two opposite effects of rarefaction
and roughness. Compared with available experimental and numerical results, the relation shows consistency and well
performance in the prediction of Poiseuille number in moderate Knudsen numbers.
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